This paper proposes four methods to approximate circular arcs using quartic Bezier curves. Barycentric coordinates of two/three combination of control points are used to obtain an optimal approximation. Interior control points of quartic Bezier curves are found by satisfying G 2 data from given circular arcs. The maximum errors between circular arcs and approximated curves are calculated using Hausdorff distance approach. Four different approaches are discussed which varies in terms of accuracy, computation cost and approximation order.
Introduction
The representation of circular arcs using polynomial parametric spline is an important study and it is essential to the field of Computer Aided Geometric Design (CAGD). Circular arcs play an important role in geometric modeling, where it is used along with other geometric primitive, such as straight lines, conics curves and spirals. Circular arcs have variety of applications in CAD/CAM. For example, they are an important design tool for automobile, aircraft industry as well as in various product design environments. Indeed, circular arcs are also used in areas such as font design.
The practical advantage of using a polynomial parametric form has been widely discussed in literature. Apart from free-form curve design which gives fast and reliable computation, it also used in interpolation and approximation of algebraic functions and transcendental functions such as Generalization Cornu Spiral (GCS). The Bezier-Bernstein representation is known as one of most common types of polynomial parametric curve. Bezier splines are an excellent and preferred method to draw smooth curves. Since they can easily converted into NURBS which is the standard form in most of CAD/CAM systems, therefore Bezier curves has become a de facto standard in geometric design.
Although a circular arc can be exactly represented by a low degree of rational Bezier such as quadratic and cubic form, some CAD/CAM systems require non-rational curve form. Major factors considered for curve representation are; the computation must be fast and reliable, consistent calculation, flexibility and the algorithm can be easily implemented which directly effects user's experience. A suitable method is not perceived as an 'extra work', however it would be of great benefit if the user has good control, and the computation power and time can be reduced significantly.
There are numerous efforts made by researchers to find the best approximation of circular arcs using polynomial parametric curves. Using low degree n, n ≤ 5. Circular arcs approximation by using cubic Bézier curves was proposed by deBoor et al. [3] and Dokken et al. [4] . Goldapp [7] proposed an approximation to an arc of a unit circle, with a spanning angle /2   satisfying geometric continuity 
 
In 2007, Kim and Ahn [8] presented quartic Bezier approximations of circular arcs by using subdivision scheme with equi-distance of the circular arcs. Both results have optimal approximation of order 8. Azhar et al. [1] proposed a 2 G approximation by applying Barycentric coordinates. Similarly, their approach has the optimal approximation of order 8. Fang [5] approximated circular arcs using quintic Bezier curves with seven different approximation methods with k G continuities, where 2,3, 4  k at the joints. This paper proposes numerous improvement of work proposed by Azhar et al. [1] to increase the order of approximation of circular arcs. First, we consider quartic Bezier curves that interpolate two points on the circumference of a circle
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with equal unit vector tangents and curvatures at end points. The barycentric coordinates are applied to find the location of interior control points that approximates a circular arc. The advantage of using barycentric coordinate is that they are not affected by affine transformations.
The rest of the paper is organized as follows. Section 2 elaborates preliminary background and notation of Bezier curves and error analysis. Section 3 discusses on the method used to construct   In Section 4, we introduce three distinct approaches to determine the location of interior control points. An alternative approach is also presented in Section 5, along with the discussion on error analysis based on Hausdorff distance and approximation order. In the last section, we compare the proposed methods with other best known methods to show the significance of the study. 
where '( ) Ztand ''( ) Ztare first and second derivatives of (1). The radius of osculating circle at t is the reciprocal of (2). It is known that ()  t has positive sign when the curve segment bends to the left and it is negative if it bends to the right as t increases.
Error Analysis
To see how well the approximation, we may compare the curvature or the sector of the approximated curve against the actual circular arc. However, the obvious method is by finding the maximum difference of distance between set of points on given curves, i.e., a circular arc and a quartic curve in this case. We employed Hausdroff distance, since it is known as one of the most important and reliable scheme to measure how far two subsets of a Euclidean space are located from each other. The Hausdorff distance can be described as the maximum distance between two curves but we must admit that it is not easy to find the Hausdorff distance between two circular arcs and Bezier curves generated with different parameters. Let us denoted b as the unit circular arc and Z as the approximation curve, it is natural to writes radical error as follows if we assign the quartic Bezier curve interpolating circular arc at end points
It is clear that this function is the distance of a set of planar points       , x t y t on Bezier curve to the origin. Therefore, the general mathematical definition for Hausdorff distance between these two set of points can be derived as follows
Another alternative error function that is useful for the analysis is
Thus,    t can be written in terms of the alternative error as follows
Since equations (4) and (5) have their zero sets and extreme values at the same locations, we prefer to use (5) for analysis, furthermore there is no square root term involved in (5) . It can be shown that when    t is small, then     2   tt as shown by Fang [5] . However, these two error functions are extremely useful in this study to find barycentric coordinates and to determine the approximated errors. We also employed Taylor expansion to investigate the convergent order of   
Approximation of circular arcs using quartic Bezier curves
where three interior control points of quartic Bezier curve is defined by   
The turning angle  were obtained from given end tangents,   By using the barycentric coordinate, the interior control points 1 2 3 ,, P P P may now be written in the terms of 0 4 , ,
  43 .
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Substituting (16), (15) into (13) and (14), with (17), the numerator and 2 Z curvature,  can be written as
Here, we introduce a new notation For simplicity, the error analysis approximating two sets of points is independent on their location so we will consider a unit circle with center on 
So the error function th  with total zeros are 7. These two h and k are the quantity that we are interested to obtain this value of  and  . Next section discusses four approaches to obtain parameter  and it's approximation accuracy. Figure 2 , indicates that it would be possible to improve the approximation if we allow the quartic Bezier curve to have equal maximum errors on both inside and outside of the circular arc. Hence, the third approach to find  is by letting the maximum error on the extreme value of 
 
Equal maximum errors on both side of the circular arc
Hence, the following equation is obtained after simplification Table 1 , that the proposed method can also be used for circular arc approximation.
Conclusion
This works employs quartic Bezier curves to approximate circular arcs which satisfies the 2 G data at the end points. We showed four techniques to minimize the maximum distance between approximated quartic Bezier curves and circular arcs. These methods are based on a symmetrical quartic Bezier curve to avoid the existence of cusp, loop and inflection point. All four proposed approaches have greater accuracy and optimal approximation of order 8, which is similar to other known methods. As a future work, we will extend the circle approximation by quartic Bezier curve to the conic approximation in planar and spatial coordinate.
